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STATIRYIOAL 1N
- 3 -Iln' 1] S
1+ B | s

"H
I" MO ) e AL L))

{ '
or all values of the parametern iy O

I Il‘l. B un e g i
Hhin lml::.:qr:.,; ll{,' T‘_“ ,_?'" deallig, with large pomples, o falrly sallsfacliny nititon b
Hicorem, ypothesls probdem extatn gn plated [withoot prnnf} i the Tollowing
Thoeor AT
t, o, . ;:T“Lﬂli: Lol 8o Xgy vone %y Dot b Funsiediosas sannpaplis fraven ot Jrpnilation rnfthe pradfs JOx 2
""'”!'“Fh‘rlflytlr:-rn;;:'; the parnsetor space € fs kelinenstoad, Suppose e wand i test e
wliere 0,7 0.° Pl O o 05, fp oo 0y ooy B oirek
dbetribu "’.‘f 0y " e :“f"l'ﬂ‘.'i'nl' mambers. Winen 1y b trtie, =2 lagg A I st
. eol s el with r dhegrees of frevdom, 1o, winler He,

“Dhig A= gt A arge, a(15:24)

alon of & amd appreaches infinity

efit D bl of e chiesiuare
follows @

rr:”llj'

5. T w w
'l.t*hunurl ﬂ;l_. A l'. .-?' g, & Bs o Dnereasing T
et T ..I.Iw- critical vegion for =2 log & belng e rly
stribuition, Thies at the level of signdlieanee ‘G, i st may he givei as
_ ‘ Rusjiect g 0 =2 logg &= 3,000
where x4 is the upprer e-paint of tw chil-sguare distribitiom with r
PI? = Ypyled] =,
otherwise Hy may be aceeptisd,
18:6.1. Propartios of Likellhood Ratlo Tos). Likelihood ratio (LK) test principle
i an “““Hi\'l." CRIN AR 1_[ W AL h_-:,,[i“H ] ."'illll'll'l‘ll" I}}I]’Hlthllﬂiﬁ .”" LiHi”“‘.ﬂ il -"'"“]ﬂ['
alternative hvpothesis Fy then the LR principle leads v ihe same lest as given by _Ihr:
Neyman-Pearson lemma. This suggests that LK test has some desirable properlics,
specially large sample properlies.
In LI test, the probability of type ] error is control
off point Ay LK test is generally UMP if an LIV Lest 2
Iwo asymplotie properties of LR tests,
1. Unsler certain conditions, =2 log, A has an
2. Under cerlain assumplions, LR test is consistent,
Now we shall illustrate how the likelihood ratio eriterion can be used to obtain

various standard tests of significance in Stalistics.
18.6.2. Test For the Maan of a Normal Population. Let us take the problem of
testing if the mean of a normal population has a apecificd value. Let (¥, X ... x,) bea

rondom sample af size i frony the normal population with mean 1 and variance o,
¢ unknown. Suppose we wanl 1o lest the (composile) mull

where ji and a® ar
Hy : jt = pip (speeified), 0 < ol <

Iy pothesis
against the compaosile alternative hy pothesis : Hytpepy;0<al <om

In this case the parameler space @ is given by
B = (i, ot i—seg <o, 0 <
and the subspace ©; delermined by the null hypolhesis Hy is given by
@y = (1, 0%): p=Ho 0 co? <o)

A, glven by

ledd by suitably choosing the cul
 all exists, We state below, the

asymptotic chi-square distribution.
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FUMDAMENTALS OF Mﬁ.THEMAij{ l

v X s EWL b lh-l

18.26
The likelihood function of the sample observa
1 H..I’I [ 1 E (I _.“_}2]

L=(!_:|'[_ﬂ; - EXP 20t e :
The maximum likelihood estimates of
PH—E:n-x 02"-}_-'-(1' -x)i=

niwy M=t ol
th %
Hence, substituting in (18-25), the maximum of L in the parameter SPace E

given by

tions xy, x3, .

y and o? are given by : hrnli’i.

L(®) = (—,‘L‘—I)""‘1 exp (-1/2)

"".lﬂ.b
In ©y, the only variale paramel:er is g2 and MLE of a2 for Biven p = Bivey
UI = _ E{xl pu:lz = suz {say] h}
" "-[la.;srl
=%IEI;-E +E—Ltg)1
= L3 (x;= %) + (X~ o)’
the product term vahishes, since Z(x;=%) (¥~ Ho) = (x - o) (x;~X) =p
: 0? =2+ (X~ ho)? = % (s2y). i
Hence, substituling in (18:25), &
AL 1 nfl ¥
1@ =(53)  ep (/2 "
The ratio of (18- Eﬁb} and (18-27) gives the likelihood ratio criterion
y LB (s
L(©) (5n ) {1t

= g 2 1 n/z
[51 +(x ‘llﬂl:} '[ 14[R- Pu?‘”’]] [From 18:28(a)] |, (182

We have proved earlier (§ 16-2) that under H,, the statistic

! =ﬂa, where 5:="_]_—12(I,'—E)2“ ns?

_ 5/\n “n-1
follows Student’s t-distribution with (1 —1) d.f.
Thus, +=3"Mo_ -ty _ :
R e -l
Substituting in {18-29::) we get
| _____T = %), (say) Al

(“m)
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STATISTICAL INFERENCE —II 13.27

The likelihood ralio test for lesting Hy ngainst H, consists in finding a critical
region of the type 0 < & <2y, where A4 is given by (18:21a), which requires the
distribution of A under Hy. In this case, it is not necessary to obtain the distribution of
), since A = &{1) is a monotonic function of 12 and the lest can well be carried on with 3
as a crilerion as wilh A [c.f. Theorem 18-1]. Now 12 = 0 when 2 =1 and 12 becomes
infinite when & = 0. The critical region of the LR test viz., 0 < & < &g, On USING (18:31) Is

equivalent lo

i nf2 Y An/2
(1+n I) Ao = (1+,_"T) Ag!
|
= PoT 2 (o)1 = Ea(n-1)[hgtn-1]= A% (5aY)
Thus the critical region may w 1l be defined by

01 =] G| 5 4 ...(18:32)

where the constant A is determined such that ”
...(18:33)

P[ltI2A | Hy =«
Since under Hy, the statistic ¢ follows Student's ¢ distribution

A =ty 1 (@/2) where the symbol t,(c) stands for the right tait 100 &%
t-distribution with n d.f. given by :

Plt> 1, (o)} = j:n} fitydi =,

where f{ - ) is the p.d.f. of Student’s t with n d.f. The critical re
following diagram.

with (n =1) d.fur
point of the

...(18-33a)

gion is shown in the

fih

o/2
o2

-b-'-‘-' -
et (7 ) ¢ bt (@2)

Thus for festing Ho: 1t = Hp against y # o
defined as follows .

(P-unknown), we have the two-tailed t-test

Ifltl = ﬁﬁs"”"],}l”_n’wﬁ,mjﬁtﬂﬂ

and if | 1| <y (0/2), Homay be accepted.
Important Remarks 1. Let us now consider the problem of testing the hypothesis :
Hy:=pg 0<a? <.
against the alternative hypothesis
Hy:pu>pg 0<o? <on
© = (U, n*]:-mcpc:m,[}-:u?{m]

Here
and @ =1(1,0%: 1=y 0<a?<es
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1828 FUNDAMENTALS OF MATHEMATICAL STATIa,
The moaximum likelihood estimates of 1 and o belonging to & are Biven by
A x ifxz By
p= - ""“E-:-L
Ha il Ty
s, ifxzu
mnd e n (1634,
sg?, If X < py
1 il
where sy? oy L (x,~pp)? (18348
im ]
nf2 _
A (T::F) Loxp (=n/2), il X 2 uy
thos Le)= {1832

i -
(i;uu’)n oxp (=n/f2), if x <y
In &, the only unknown parameler is of whose MLE is given by ol = sat. Thus

W/
L&y =( . ’exp (-u/2) (182

- ! =-I£EI:':“—] = [{SIEF"}PUI: ifx = pg

{1837
Lie)

1,ifxeyy
Thus the sample observations (¥3s 23, 2000 X5) for which X < pig are to be included i
the acceptance region. Hence for the sample observations for which ¥ 2 . the
likelihood ratio criterion becomes
A= (sl x ey, (1837

which is the same as the expression obtained in (18-29). Proceeding similarly as in tha

above problem, the critical region of the form 0 <3, < Ao will be equivalently given by
[e.f. (18:32))

-- 7 | =l
12 ='—'L’~§,Eﬂ-aa= or by 1-1’%—"&'2:‘. (oX2py) ...(183&

where ¢ follows Student's t distribution with (=1} d.k. The constant A is to be
determined so that

Fil»A) =« =5 A=ty (o) . {18:35
Fience for testing Hp : g = pigagainst Hy : p > Hae t0e have the right tailed-1-test defined
as follows :

Reject Hy if | :ﬁ;‘g_fﬂ] > by fedand ift <1, (@), Ha may be accepled.

2. Il we want to test Ho:p=p,, 00t e
against the alternative hypothesis : Ly o<y, 0 <ol com,
then proceeding exactly similarly as in Remark 1 above, we shall get the critical regior
given by : <=ty (o) -(18-400
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5. "d'”f”m"”:r Test TEISI _ Critical regron at (1-a rnnﬁxfr;r;‘
No.  Hypothesis Stalistic tevel of coefficient for i}
sigiificance o =
. 2 Right- 2 T
0_11}51]1 |ITil.'lll.'.‘('l F=§_L:.-l* F}rm-l.n—l.[u] ay E'Ej 1__1—__
F < aI'Iz ﬂzz * Fin I_n—l[ﬂ]
2. 2 Left- —do— - 2 2
9" . 52 tailed FaFyan-ill-a) o 5 1
Gl! “]2 a2 pe=l 101 a)
3. < Two- —do — c.2 a2
EL# 2 Failes F>Fyn-la/) -:_L; | < 1_II
'I:III Eﬂ ."h-d .:lnd 51 F"I_l "__I iftl":} U:-
Fealy tom-1fl —m/2) 5 1
<57 Ty (1-2/2)

18-6.7. Test for the Equality of Variances of Several Normal Populations. Let

X, (=12, ... n)bearandom sample f size i, from the normal population N(u,. 6,7 %),
i=1,2, ..., k ‘i"u'e want to test the null hypothesis : _
Hy: 0.2 =02 = ... =0, = 07 (unspecified), with fy, a, - Hi (unspecified), against

the alternative hypothesis :

Hy:0,2(i, 2 ..., k), are not all equal; iy, fg, ..., Wy (unspecified).

Here we have

0= {:1., M2, oo Hi s 0,2, 622, ..., ) —m < < om, g>0(i=1,2, ..., k}}

and

B,= [u,. oy ooon Mg 5 OpL G2% ooy OFY): — @ <, <02, of=0>0,(i=12,..., b}
The likelihood function of the sample observalions x;, (j=1,2,...m:i=12, ..k is
given by

", 42 .
L= n . ex {- —— E (x, |.1,}” ...(18-86)
i=] (En:n ) P 207 j=1 j
It can be easily seen that in © the MLE's of /'s and ¢;'s are given by
" 1 N
H; = and nz- E 12:1 [.'t',,-:-:,'_lz ...(18:-87)
M Jlfi‘rl H]’
L@©) = 1'I (zm,) exp(- E)]
k .
= 4 - "‘”] ‘here 11 = X, 1888
= exp (_f)'.-]l{(hs. ) , where n=Xn; ol )
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18.30 FUNDAMENTALS OF MATHEMATICAL ETATIE-HH

a - 3
— e | = -t b o
arloEL=0 = fi=l T n=F
il ] " -
——_iﬂHLzu L ] P;.lr'—rt I.'r:f:'?
i i=
=
h - S, weal 1B
—logl=0 = E,==iE{I:;--‘:‘;]'=51=-i?~ﬂ}'}- ( Hla)
Eluq- e
i A I . i
e e - 3 S - BT N T
and ﬂﬂfimgl.-l.‘l = O "’:.Ei[,r_\, ¥1)? = 5, [say)
o

Substituling in (16-41), we get

1 wif 3 1 Hi2 S i
L) H{m}} (E:'} e W --11’.“'12]
In €, we have = 1y = p and the likelihood function is given by :
/2 " uf? .

e o =)™ exp- - e ) o= 2 T oy -

(o) ( Emrz) 2 2 2a,’ .-?; =i H( Er:rr;!] iy ], P =)
To obtain the maximum value of L{©,) for variations in p, 0,7 and @3, it will be

seen that estimate of j is oblained as the root of a cubic equation

¥ - u) Y T
:r X :J J !: {x» :l - (1843)
E‘f-rn - JEJ-T:J - pi?

and is thus a complicated function of the sample observations. Consequently the
likelihood ratio criterion A will be a complex function of the observations and its
distribution is quite tedious since it involves the ratio of two vanances, f:ﬂﬂ:lEqLLunlly,
of the population variances is ordinarily unknown. However, in any given instance
the cubic equation (16:43) can be solved for p by numerical analysis tlechnigue and
thus X can be computed. Finally, as an approximate test, -2 log, & can be regarded asa
x¥-variate with Ld.f (cf Theoreni 15.2)

Case 2. Population Variances are equal, i, 02 =05" = 0¥, (say). In this case

O ={fly, 0 =< py<oo,a?>0, (i=1,2)
B = (o) i-—e<pcm, a0
The likelihood function is then given by

L ( | )fm w sl [ 1 [E E ]1 E
= —— L 0xpl - — - - ‘
P cxp o5 Wy Xi = Hy "'j_!{-‘f:; HEF)J co( 1B-04)
For py, py, 07 € @, the maximun likelihood equations are given by
o Ao b A
—logl=0 = =¥ and —lopl=0 = =% ”
x, 2 Hy =Xy n ) og =  Hi=x3 ..[l5I5)
] A 1 o A
and — logl=0 = ai =m|'i[r“ —|.1,]~‘+‘£{3:;,--|.|2ﬂ
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STATISTICAL INFERENCE — || 18.31

a X F 1 2 ...(18:450)
= a= m1+ = IZ{JL'“ =X+ X (xy —.1:1]1} YT ('"51: + 1S ) (

Substituling the values from (18:45) and (18-45q) in (18:44), we gel

A (IR TE: |
L(e) = [ln[rg:f:,:-f:lsfj .uxp[— 3 (m + n)}

In @y, Wy =pHy=H(say) and we get

' U . 47)
{1 {im + )12 1 1 e T (x 'H]'}] (184
L®y = (zmz) .Exp[- - [El ()= H) +j=- | (xz

...(18:46)

= log L(@) = C—%ﬂ log Gl—ﬁ{'i{x”—m? + 'Z{r;,f u]z],

where C is a constant independent of p and %,
The likelihood equation for estimating |l gives

i - = [
i'ﬂgiﬁ.——'—{ E (xi—H) + i [w:;#}i}} =0 = (M x1+"-’fﬂ'(”*+”]”
= r I
Ei}l Uz =1 : Ir=1 ‘ ”-{15.45}
4 . —
= H = [JHJ."'l + n.rz]
izl =0
Also logL=0 = -wrm, L [Zei— W+ 2(x 2]
da? & 2 20 9
A 1 A LS ﬁ}zl ...(18-49)
2 = -u)y? X2~
= a? = [Zoy - w)? + 2lxy
rr A i _ _ A a
But % (x—p)t = E: (xi— 5+ X — 1)
i=1 i=
- 'l
= F(xy=xq)2+mlx; - W
the product lerm vanishes since IE{IH -y)=0
il _mx, +nYs :
E. [r”—ﬁjz '=”lh'|2+l'” ( -T-'_"':_.;.T_)
i=1
(X, = X3)
= msy© + )
Similarly, we shall get :
- A anf(T, - 4, )
(2= )2 = 11sy” +'—{;,_.,'.',T:.f_'
j=1
Substituting in (18-49), we gel
2 T —X9)? ...{18-49q
31 =m—l+?{ms|-+lfﬁf+ﬁ:fzr”(-"'1 —-"2} ] ( a)
Substituting fram (18-48) and (18:490) in (18-47), we get
ShbLEN n+
[,(ﬁ[au} = (m + 1) X exp (- —2—) ...(18-50)
2n (ms,! + Hsyt % {x, —EI}I)
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FUNDAMENTALS OF MATHEMATICAL g7,

{me # 0] l2

18.32

]
Liﬂ!! 5 * nsg
l = F l Ml'ﬂ {.r: - :.

L) |ms e e e
fm e Ml

N S B 18
(5Bl ] Ji
: MR (e !

under the null hypothesis Ha 2 py = 120 the stapigy, |

We know that (c.f. § 16:3:3),

i =_,'_I_.I—_'—r-l—‘, ."“B'S.!‘:‘r
1L ‘
s wm n
. 2 24 nsst
where L e {1'"51 ] {lE»,'ja]
) d.f. Thus im lerms of t, we got

follows Student’s (-distribution w:th {H' + 0=
- :rrl ’ I'I”I-z
( 145 ...ug_ﬁ‘
eH be c::rne::l with ¢ rather than with &, The Criliey

As in § 18:7:1, the test can as W
| region of the type

region 0 <A < Ly transforms 1o the eritica
- 1] = AZ (say)

2> (m+n- 2][ J.an[ur =

ir., by 11 1=A,

where A is determined so that :
the statistic ¢ follows Studenl’s rdmrrlbutmn with

(it + it — 2) d.£,, we get from (18- 55): A=lmaea- 2 (22} (185
where, I,(r) is the right 100a% point of the I-distribution with » d. £

Thus for lesting thee vonlf hypothesis Hy: =Mz ;00 = =gt =02 =0

agninst the alternalive : Hytpy 2 s 02 =0 =0 >0,
s ave the two-tailed t-test defined as follots ;

Since under Ha.

Fitl= _TJ'I_":_ > by o n-2 (C8F2), reject Hy, otherwise Hy may be accepled.
I -

=i ¥ e

I H

Remarks 1. Prucceding similarly as in Remarks to § 187 ‘ i
regions for testing 8 4 0§ 1, we can oblain the et

Hy:py=pz; 0 =0=0">0

against the alternative hypothesis
Hispy >y of=0gf=a'>0
or Hyipy<ps; 0l=a=0'>0

We give below, in a tabular for
O ¢ bty B Rl m the critical region, the test statistic and the confidme

Hy: 8=y = py = &, (say),
against various alternatives, viz, 6> &, 6<8, or 6=§,

Scanned with CamScanner



,f,*" I"}“mm“? Test Test statistic Refect Hy at level of (1 = a) Confidence
e, Whesns _ _ :
l ypothest stgmificance o if interval of 0
1 ___-_-_._—-_-
Right, - - S e -
I- E}&J t:" L.d ;={IJ_:‘|]—E{} F}"mnll-:[u.} EEI:J.';--T:}_"IE "'+“
T 1 =1, (say)
5 — =
R P e ' Al
2 &+, Two —do— ]| >, .. (00/2) (vy—xa) =12 mH
tailed = 1., (say) T
] cf<(x,=x)+ mn
L

mal Populafions. Let Xy
amples from k normal
n but common varl

18-6.4. Test For the Equaiity of Means of Several Nor

(j=1,2,...,n5i=1,2,..k) be k independent random s ance

opulations wi ans 2y e wtively and unknow ) _
gz.PIn other wan:t:;—.r:b.l.!Jrl{;:-?nm's.;;;iﬁ:i:::l};e supposed to be homoscedasiie wWe
want to test the null hypothesis
Hioi fy = Mg = ... = = t (say), (unspecified)
al=0;2=..=a’=a*(say) (unspecified)
against the alternative hypothesis
H, : p,'s are not all equal, and
o2 =02 = ... = 6,2 = 0%, (unspecified)
Thus we have
O ={(Hy Mg oo Piy G i =< ly<e, (T= 1,2, 0y k) : a? >0}
and Oy = [y, Payer e P O) =0 <py=p<om, (1=1, 2,..., kya?>0|
The likelihood function of the sample observations is given by
i3 ko k
L(©) =( —L) " exp|- L 2 ¥ {r,—,du,-]zJ wheren= X n, ...{18:57)
2ra* 20%i=1 ;=1 i=1

For variations of W, (i = 1,2, ..., k) and ¢? in ©, the maximum likelihood estimates
ire given by

2 A .
'i_ log L(®)=0 = Ef.l‘,} -p;) =0 = Wi = 1 )3 Ly =X, ...(18:58)
f i.ll I ”i j;= 1

o L(©) =0 G2 =)
g1 08 LO)= = o =;§ f_{rf;—u,]*
A ] - g
= GI :E% {I'.‘- —Ir]' = rll:'"r ’ {Eﬂ}’], ---[IE‘SHH]
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2. For tesling Hy: 8 = Gy against the alternalive H,: & < by, the roles of x, and x3 ATE

interchanged and the case 1 of the table (s applied.
aulation
3. 108, =0, the above lest reduces to testing Hy : 1y = g, i.c., the equality of two pOp ulati

means
» [Irl d
3 If the two population variances are not equal, then [for (st :
”.1 ‘d = E.'h W LS Fl-'-l‘ll.‘r-lll.'hrum' d‘tL’.‘il, I
.:fﬂ ﬂ Frrn:lum_- Test Test statistic Reject Hyat level of (1 — a) Confidence
[l ¥ ] . -
ypoifiesis significance erif intervsl of &)
o Ri "'ht, rod _ - - _1_ L
I =108 tailed 1='[_Tll",iﬂ1.! £ty ou-a(@) EE{IJ-I;}"II:' \ m+u
1 1 = '|_ {?"ﬂ}'l
SN =+
m o n i . T il
2, 828, Two —do— E 1 >ty (@/2) (vy=xd == N
wiled N ISP s e
§55[1|_-"1]+r35 mo

e —

't x )
18-6-4, Test For several Normal Populations. Let &y
the Equality of Means of oles fram ¢ normal

(=12 ...n;i=1,2,..k) be k indecpendent random sam o
populations with means py, {1y, ..., j; respectively and unknown but common \."'-rl'I{‘;*-‘
0. In other words, the k normal populaticns are supposed to be homoscedastie. WE
want to test the null hypothesis
Ho:py=pe= ... = gy = p (say), (unspecilied)
a2 = a;? = ... = 2 = o? (say), (unspecified)
against the alternative hypothesis
H, : p,’s are not all equal, and
0,2 = 0,2 = ... = g;° = ¢, (unspecified)
Thus we have
O = {1y, Mg, ooy Py OF) s =0 <, <00, (i= 1,2, .., k) ai>0)
and Oy = [(Hy, Haseere P OF) =< = p<on, (I=1,2,..., k3a*>0]
The likelihood function of the sample observations is given by

fz ‘ ﬂj k
)" .l.‘xp[— 135 [x,,-p,F] wheren= X . ...(18:57)
2(]'!5 | 1= | =1

L@ =(

For variations of j, (i = 1,2, ..., k) and @® in ©, the maximum likelihood estimates

2nao?

are given by

) A -
]‘: log LO)=0 = Zx,-p)=0 = p=-XL x,=X ...(18:58)
218 I Hj=1

0 e | N 2
5; lﬂg L(e)=0 = a° =I'_I'"T' l‘?-{'rll! ki)

5

A _I e |
= a? _E‘F? (‘T“! -X) = “v r (say), o (18-58a)
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